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Abstract 
An antipodal triple system of order v is a triple (V,B,f) ,  where V 1= v, B is a set of 
cyclically oriented 3-subsets of V, and f :  V --~ V is an involution with one fixed point such 
that: 
(i) (V,B U f (B))  is a Mendelsohn triple system. 
(ii) B A f (B)  = 0. 
(iii) f is an isomorphism between the Steiner triple system (STS) (V,B') and the STS 
(V,f(B')),  where B' is the same as B without orientation. 
(iv) f preserves orientation. 
An STS (V,B) is hemispheric f there exists a cyclic orientation B* of its block set B and an 
involution f such that (V, B*, f )  is an antipodal system. We use simulated annealing on a care- 
fully chosen feasibility space to show that any STS(v) (V,B), where 7~<v~<15, is hemispheric, 
and conjecture that this is true for any STS(v) v > 3. We were unable to find a way of applying 
the alternative computational techniques of hill climbing and backtracking to this problem. 
1. Introduction 
The orientability of  triple systems is a field of much interest. For a review of  work 
in this area the reader is referred to the survey article of  Colboum and Rosa [3], where 
Sections 2.2 and 3.2 are devoted to this problem, as are open problems 6, 7, and 8. 
Teirlinck [10] has shown the existence of  a TTS(v) whose block set decomposes into 
two isomorphic opies of a given STS(v) for all v > 3. In this paper we will investigate 
the orientability of  such TTS. 
For completeness we include some basic definitions, as well as some new ones 
needed for this paper. 
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A Steiner triple system of order v, denoted STS(v), is a pair (V,B), where [ V [= v, 
and B is a collection of 3-subsets (called blocks) of V such that every 2-subset of V 
is contained in exactly one block of B. A twofold triple system of order v, denoted 
TTS(v), is a pair (V,B), where [ V [= v, and B is a collection of 3-subsets (blocks) of 
V such that every 2-subset of V is contained in exactly two blocks of B. A cyclically 
oriented 3-subset is one with an imposed cyclic order (a,b,c), representing the fact 
that a < b, b < c, and c < a. It is said to contain the ordered pairs (a, b), (b, c), and 
(e,a). 
A Mendelsohn triple system of order v, denoted MTS(v), is a pair (V,B), where 
[ V [= v, and B is a collection of cyclically ordered 3-subsets (blocks) of V such that 
every ordered 2-subset of V is contained in exactly one block of B. 
A TTS is orientable if its blocks can be given the additional structure of cyclic 
ordering and made into an MTS. The question of orientability is a difficult one - -  
Colboum and Rosa [3] state that "the study of Mendelsohn Triple Systems derives much 
of its interest from the observation that orientability is apparently a subtle property". 
We begin by looking at a more modest question: Is every STS a subdesign of an 
orientable design? The answer here is trivially affirmative - -  simply take two copies 
of an STS(v) and orient the blocks {a,b,e} as (a,b,e) in one copy, and as (b,a,c) in 
the other copy. 
Yierlink [10] showed that given an STS(v) = (V,B), there exists an STS(v) = (V,B I) 
such that (V,B) ~- (V,B ~) and furthermore B n B t = 0. However his construction 
is almost guaranteed to destroy any orientability properties. We attempt o integrate 
Tierlink-like systems with orientability. 
We define a tier of designs as an n-tuple (V, Bo,BI ..... Bn-2) such that (V, Bo) ~- 
( V, Bj ) and BiNB j = 0, O <<.i < j <<.n-2. When we wish to emphasize the isomorphisms 
and how the designs are actually linked we include them in the definition. That is, we 
define a linked tier of designs LT( V, Bo, f l ,  f2, ..., fn-2 ) as the n-tuple in which (V, B0) 
is an STS(v), f i :  V ---* V, i = 1, 2 ..... n - 2, are one-to-one and onto maps, fo -- Iv, 
and f i (Bo)n fj(Bo) = 0, O<<.i < j<~n- 2. For example, a large set (cf. Teirlinck 
[11]) of STS(9) is a linked tier of designs. 
An antipodal triple system is a simple example of an orientable linked tier of designs. 
More formally, we define an antipodal triple system as a triple (V,B,f), where B is 
a set of cyclically ordered 3-subsets of V, and f :  V ~ V is an involution with one 
fixed point such that: 
(i) (V,B U f(B)) is a Mendelsohn triple system. 
(ii) B n f (B)  = 0. 
(iii) f is an isomorphism between the STS(V,B') and the STS(V,f(B')), where B ~ 
is the same as B without orientation. 
(iv) f preserves orientation. 
An STS(V,B) is hemispheric if there exists a cyclic orientation B* of its block set 
B and an involution f with one fixed point such that (V,B*,f) is an antipodal system. 
For v ---- 1 (mod 6) all cyclic STS are hemispheric. This motivates the definition 
of hemispheric and antipodal systems, and the study of their existence. 
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In a related paper, Gibbons et al. [6] have proved the following result: 
Theorem 1.1. For all v = 1,3 (mod 6), v > 3, there exists an antipodal system of 
order v. 
In this paper we pose the question: Is it true that for v = 1,3 (mod 6), v > 3, 
every STS(v) is hemispheric? Using simulated annealing we have shown this to be the 
case for v in the range 7 ~< v~< 15. Beyond this range we have generated randomly 1000 
STS(19), 10 STS(21), and 1 STS(25), and, using simulated annealing, found each one 
to be hemispheric. We believe this provides trong evidence in support of the conjecture 
that all STS(v) are hemispheric. We note that in this case we were unable to formulate 
a search strategy based on hill-climbing or restricted backtrack, alternate techniques 
which are often used for problems of this kind. 
2. Computational construction method 
In this section we describe the general simulated annealing method, and the way in 
which it was applied to generate antipodal triple systems of orders v = 7, 13, 15, 19, 21 
and 25. 
2.1. The simulated annealin9 method 
Simulated annealing was first introduced to the area of combinatorial optimization 
in the early 1980s when Kirkpatrick et al. [7] and Cerny [2] independently explored 
an analogy between the physical annealing process of solids and the task of solving 
large combinatorial optimization problems. Since then the method has been successfully 
applied to a variety of optimization problems (see [1] for a comprehensive survey of 
these applications) and also to some existence problems in the area of combinatorial 
designs (see, e.g. [4,9,5]). For a complete description and analysis of the simulated 
annealing method the reader is referred to Aarts and Korst [1] or Laarhoven [8]. We 
provide here a brief summary of the general simulated annealing method. 
Simulated annealing is a variant of the state space search technique for solving 
combinatorial optimization problems. Such a problem can be specified as a set E of 
feasible solutions (or states) together with a cost c(S) associated with each feasible 
solution S. An optimal solution corresponds to a feasible solution with overall (i.e. 
global) minimum cost. 
In simulated annealing we define, for each feasible solution S E E, a set Ts of 
transformations (or transitions), each of which can be used to change S into another 
feasible solution S ~. The set of solutions that can be reached from S by applying a 
transformation from Ts is called the neighbourhood N(S) of S. 
The general simulated annealing algorithm works by randomly choosing an initial 
feasible solution and then generating a set of sequences (or Markov chains) of trials. In 
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each trial, we examine a randomly chosen transition of the current feasible solution S. If 
the transition results in a feasible solution S ~ of equal or lower cost, then S' is accepted 
as the new current feasible solution. If the transition results in a feasible solution S' 
of higher cost, then S' is accepted with probability e -(c(s')-c(s))/r, where T is the 
controlling temperature of the simulation. The temperature is lowered in small steps 
with the system being allowed to approach "equilibrium" at each temperature through 
a sequence of trials at this temperature. Usually this is done by setting T := aT, where 
a (the control decrement) is a real number slightly less than 1. After an appropriate 
stopping condition is met, the current feasible solution is taken as the solution of the 
problem at hand. With a general optimization problem the hope is that this is close 
to an optimal solution. With an existence problem, where we cannot be satisfied just 
with an approximation to an optimal solution, we must repeat he experiment until an 
optimal solution is found. 
The general simulated annealing algorithm for solution of an optimization problem 
can now be defined as follows: 
Set initial values for temperature T and Markov chain length L; 
Initialize a; 
Generate an initial feasible solution S; 
k :=0;  
repeat 
repeat L times 
begin 
Randomly generate S~ from N(S); 
A := c(S ' ) -  c(S); 
if A~<O or random[O,1] < e -zx/T 
then S := S~; 
end 
k :=k+l ;  
Update L for kth iteration; 
T := aT; 
until stop condition is met 
In the above algorithm the function random[O,1] retums a pseudo-random number 
r in the range 0 ~< r ~< 1. 
The performance of this algorithm will be influenced by the following factors: 
(a) The initial value of T. 
(b) The value of the control decrement a. 
(c) The length of the Markov chain for each value of T. 
(d) The choice of stopping condition. 
The specification of these parameters constitutes a coolin9 schedule. Aarts and Korst 
[1] and Elliott and Gibbons [4], for example, provide some guidance in determining 
appropriate values for a cooling schedule, but, for optimal performance of the algorithm, 
an extensive amount of fine-tuning experimentation is required. 
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2.2. Application to antipodal systems 
This application is modelled as an optimization problem in which the set of feasible 
solutions are pairs (Dl , f )  where D1 = (V,B) is an STS(v), and f : V ~ V is a 
mapping consisting of a fixed point and (v - 1)/2 transpositions. If we let D2 be the 
STS(v) (V, f(B)), then the pair (D1,D2) constitutes a two-fold triple system separable 
into isomorphic opies of an STS(v). 
Amongst his set of feasible solutions we are looking for one in which BNf(B)  = 
and which is orientable. Our cost function must therefore measure in some way the 
"distance" of a feasible solution from such an optimal solution. We try to capture this 
measure by defining the cost of feasible solution (Dl , f )  as 
c(Dl,f)  = w([ B N f(B) l) + nc 
where w is an appropriately chosen integer weight (for our runs we set w to 20), and 
n c is the number of orientation conflicts, which is determined as follows. 
We attempt o orient the blocks of DI and D2 by starting with an arbitrary block 
{x,y,z} in Ol and orienting it as (x,y,z). This forces the pairs {x,y}, {y,z} and {z,x} 
to be oriented as (y,x), (z,y) and (x,z) in design D2. We place these forced pairs on 
a list L. The algorithm proceeds by repeatedly removing a pair from L, and checking 
that the block containing it in the appropriate design can be oriented correctly. I f  so, 
we mark the block as "oriented" and add two further forced pairs to L for checking 
later. I f  not, we mark the block as "unorientable" and count this as an orientation 
conflict. I f  at any stage the list becomes empty before all blocks have been marked 
(corresponding to the existence of a subdesign in D1 and D2), then we again choose 
an arbitrary unoriented block in D1 and continue as at the start of the algorithm. The 
algorithm concludes when all blocks have been marked. 
Our initial feasible solution was chosen as follows. Start with an input or randomly 
constructed (by hill-climbing) STS D1 = (F,B). Randomly select involutions f with 
exactly one fixed point until B A f(B) = ~. Such involutions are found after very few 
iterations. Use (D l , f )  as the initial feasible solution. 
We now define the transitions that can be applied to a feasible solution. The neigh- 
bourhood of a feasible solution (DI,g) is the set {(Dl,pgp-l): p is a 3-cycle on the 
points of F}. A random neighbour is selected by choosing a random 3-cycle on the 
points of Y. The size of this neighbourhood is 6(~ ). Note that out of the v(v-  1)/6 
blocks in the second STS(v) D2, up to (3v - 5)/8 blocks could be changed by conju- 
gation by a 3-cycle, so that two designs "close" in the sense of our defined transitions 
may be "far" in terms of the number of block changes. We experimented with a number 
of other neighbourhood functions, but found this to be the most successful. 
Note that in each simulated annealing trial the feasible solutions reachable from 
the initial state are restricted to those solutions (D1,g) where D1 is the STS(v) chosen 
randomly at the start of the experiment, and g is a conjugate of f (the initial involution) 
by a permutation i the group generated by all 3-cycles (viz. the alternating roup A~). 
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The size of the set of feasible solutions reachable from the initial solution (D1, f )  is 
the number of involutions with the prescribed fixed point, viz. 
v -1  v -3  v -5  
For our stopping condition we chose to terminate the algorithm once the cost of the 
best solution obtained in the last Markov chain remained unchanged for a number of 
consecutive chains. We call the number of such chains the freezing factor. 
After some fine tuning we used the following cooling schedule for our runs: 
Initial temperature 
Control decrement 
Markov chain length 
Freezing factor 
1.0 !09905 
2.3. Results 
The algorithm described in Section 2.2 was applied to the construction of antipodal 
systems of orders v = 7, 9, 13, 15, 19,21 and 25. Using a Sun Sparcstation 2, the average 
times (in seconds) to build antipodal systems based on randomly chosen STS of these 
orders are as follows: 
v 7 9 13 15 19 21 25 
Time 0.01 0.01 0.04 0.13 7.5 124.3 7978.6 
However, the main purpose of this was to gather evidence to support he conjecture 
that every STS is a subdesign of an antipodal triple system. Indeed the algorithm 
constructed antipodal triple systems for the unique STS(7), the unique STS(9), each 
of the two STS(13), and each of the 80 STS(15), thus proving the conjecture for 
3 < v~<15. For the case v = 19 we generated 1000 random STS(19) and in each case 
were able to build an antipodal system containing the generated STS(19). We also 
generated 10 random STS(21), and 1 random STS(25) and found an antipodal system 
containing each of them. We believe this provides strong evidence in support of the 
conjecture. 
The generated systems are listed in the Appendices. 
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3. Concluding remarks 
The obvious open question arising from this work is whether every STS(v) is hemi- 
spheric. Simulated annealing has been useful in constructing antipodal systems for 
v ~<25 and thereby providing strong evidence that this is indeed the case. However 
further progress on this question must undoubtedly involve more general construction 
techniques. 
Some of our early computational ttempts (otherwise known as bugs) gave rise to 
the following conjecture: If (V,B) is an STS and f :  V ~ V is any one-to-one map 
such that BNf (B)  = 0, then there exists a conjugate h = g- l fg  of f in Sn, such that 
h(B) NB = 0 and (V, B Uh(B)) is orientable with h preserving orientation. 
A further open question is whether there exists for k > 1 a linked tier of designs 
(V,B, f l , f  2 ..... f k ) such that (V,B, f i) i = 1 .... ,k is antipodal. Could there even be a 
large set of such designs, i.e. such a linked tier with k = v - 2? 
We would also comment that in the field of design theory, simulated annealing does 
not normally compete well with other probabilistic techniques uch as hill-climbing. 
However in this case, not only did simulated annealing successfully construct antipodal 
systems for v ~<25, but also there was no obvious way of modelling the problem as 
either a backtrack search or a hill-climb. 
Finally note that this approach to simulated annealing in designs in which the feasi- 
bility space is a space of permutations (in this case involutions with one fixed point) 
may have applications in computational geometry, crystallography, and CAD or wher- 
ever objects with "nearly the same symmetries" are close. 
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Appendices 
For each system we list the oriented blocks of D1. In each case f (x )  - -x  
(mod v). 
A I .v=7 
1 2 3 5 1 0 1 6 4 2 5 6 2 0 4 5 3 4 3 0 6 
A2.  v=9 
1 2 5 3 1 8 6 1 0 1 4 7 2 3 0 6 2 4 8 2 7 
3 6 7 4 3 5 8 6 5 8 4 0 5 7 0 
A3.  v= 13 
STS(13) #1: 
1 0 2 1 3 4 1 5 9 1 8 6 1 12 11 1 7 10 0 9 3 
0 5 4 0 6 11 0 12 7 0 10 8 2 3 6 2 5 12 2 11 9 
2 10 4 2 7 8 3 8 5 3 11 7 3 10 12 4 6 12 4 8 11 
4 7 9 9 8 12 9 10 6 5 6 7 5 10 11 
STS (13) #2: 
1 0 2 1 4 3 I 12 5 1 9 6 1 Z 8 1 11 10 0 12 3 
0 5 4 0 6 8 0 9 11 0 10 7 2 4 11 2 12 10 2 5 7 
2 6 3 2 9 8 3 9 5 3 7 11 3 10 8 4 12 8 4 6 7 
4 10 9 12 7 9 12 11 6 5 6 10 5 8 11 
A4.  v= 15 
STS (15) #1: 
1 2 3 1 5 4 1 0 6 1 13 9 1 12 7 i 10 14 1 8 11 
2 4 6 2 5 0 2 9 12 2 13 7 2 14 8 2 11 10 3 4 0 
3 6 5 3 9 7 3 12 13 3 10 8 3 14 11 4 13 14 4 7 8 
4 10 9 4 11 12 5 12 8 5 10 13 5 14 9 5 11 7 6 9 11 
6 13 8 6 12 10 6 7 14 0 10 7 0 14 12 0 11 13 0 8 9 
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STS (15) #2: 
1 2 3 1 4 
2 6 4 2 7 
3 5 6 3 10 
4 13 14 4 11 
6 10 11 6 0 
STS (15) #3: 
1 2 3 1 4 
2 5 13 2 0 
3 0 13 3 14 
13 8 10 13 9 
5 7 10 5 8 
STS (15) #4: 
1 2 3 1 4 
2 4 0 2 6 
3 6 4 3 9 
4 10 9 4 12 
0 9 13 0 11 
STS(15) #5: 
i 2 3 1 14 
2 4 12 2 14 
3 14 12 3 5 
4 i0 9 4 8 
12 6 7 12 13 
STS (15) #6: 
0 1 2 0 4 
1 3 13 1 4 
2 4 13 2 ii 
3 7 6 3 i0 
13 9 6 13 10 
STS (15) #7: 
I 2 0 1 4 
2 5 3 2 6 
0 4 5 0 13 
3 8 9 3 i0 
5 13 11 5 14 
STS (15) #8: 
1 14 2 1 3 
14 4 5 14 ii 
2 4 ii 2 12 
3 7 10 3 8 
11 6 10 11 9 
STS (15) #9: 
1 2 3 1 5 
2 5 6 2 12 
3 5 12 3 9 
4 11 10 4 13 
12 8 11 12 13 
STS (15) #I0: 
1 2 14 1 3 
2 4 5 2 13 
14 4 13 14 10 
3 9 12 3 8 
13 I0 9 13 8 
5 1 6 7 1 14 12 1 0 10 1 13 11 i 8 9 
5 2 14 10 2 0 12 2 11 9 2 8 13 8 4 7 
12 3 0 14 3 8 11 3 9 13 4 10 8 4 0 9 
12 5 12 13 5 0 8 5 11 14 5 9 i0 6 12 8 
13 6 9 14 7 14 8 7 12 9 7 0 11 7 13 10 
13 1 5 0 1 11 14 1 12 10 1 6 7 1 8 9 
4 2 11 12 2 10 14 2 8 6 2 9 7 8 4 5 
12 3 10 11 3 6 9 3 8 7 13 14 6 18 11 7 
12 4 14 8 4 6 10 4 7 12 4 9 11 5 12 6 
11 5 9 14 0 10 9 0 12 8 0 6 11 0 7 14 
5 1 6 0 1 7 8 1 11 9 1 13 14 1 12 10 
5 2 9 7 2 11 8 2 14 10 2 12 13 8 0 5 
8 3 11 7 3 14 12 3 13 10 4 14 7 4 13 8 
11 5 7 10 5 8 14 5 9 12 5 11 13 0 8 10 
14 0 12 7 6 9 14 6 13 7 6 10 11 6 12 8 
4 1 12 0 1 6 5 1 13 9 1 7 11 1 10 8 
0 2 13 5 2 9 6 2 7 10 2 8 11 3 4 0 
9 3 6 13 3 ii i0 3 8 7 4 7 5 4 Ii 6 
13 14 6 8 14 7 9 14 11 13 14 10 5 12 5 11 
10 12 8 9 0 5 8 0 6 10 0 7 13 0 11 9 
3 0 13 5 0 6 11 0 12 14 0 7 9 0 10 8 
5 1 6 14 1 12 11 1 9 8 i 10 7 2 3 5 
14 2 12 6 2 9 10 2 8 7 3 11 9 8 14 8 
12 4 11 8 4 12 7 4 9 14 4 10 6 13 14 7 
11 13 8 12 5 6 8 5 11 7 5 14 10 5 12 9 
3 1 5 6 1 7 19 1 9 13 1 8 14 1 10 11 
4 2 13 7 2 9 12 2 11 14 2 10 8 0 3 6 
12 0 9 7 0 8 11 0 10 14 3 7 14 B 12 11 
13 4 7 10 4 13 14 4 8 12 4 11 9 5 12 10 
9 5 8 7 6 7 11 6 13 8 6 9 10 6 14 12 
4 1 5 11 1 12 6 1 9 13 1 8 7 1 i0 0 
3 14 9 12 14 13 6 14 8 10 14 0 7 2 3 5 
13 2 6 7 2 8 0 2 10 9 3 6 9 3 13 0 
12 4 7 13 4 8 9 4 0 6 4 10 12 11 12 0 
7 11 13 8 5 9 0 5 1,3 10 5 7 12 5 8 6 
4 1 6 12 1 9 14 1 7 8 1 13 11 1 0 10 
4 2 14 7 2 9 8 2 11 0 2 10 13 B 4 6 
11 3 8 14 3 13 0 3 10 7 4 7 9 4 8 0 
14 5 7 11 5 13 8 5 0 9 5 10 14 12 9 10 
7 12 0 14 6 14 11 6 8 10 6 13 9 6 0 7 
4 1 13 5 1 7 6 1 10 0 1 9 11 1 8 12 
3 2 6 10 2 0 7 2 9 8 2 11 12 14 3 5 
12 14 0 6 14 9 7 14 11 8 3 6 11 8 7 10 
0 4 6 12 4 10 11 4 9 0 4 8 7 1B 7 11 
6 13 12 0 5 7 12 5 9 6 5 11 0 5 8 10 
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STS (15) #11: 
1 2 0 1 3 4 1 5 13 1 6 12 1 8 7 i 10 9 1 14 11 
2 3 13 2 4 5 2 12 8 2 7 6 2 9 14 2 10 11 0 3 5 
0 13 4 0 8 6 0 9 12 0 10 14 0 11 7 3 6 10 3 12 14 
3 8 11 3 9 7 4 6 11 4 7 14 4 9 8 4 10 12 13 7 12 
13 9 11 13 10 8 13 14 6 5 9 6 5 10 7 5 14 8 5 11 12 
STS (15) #12: 
1 2 13 1 3 0 1 4 5 1 6 10 1 7 8 1 11 14 1 12 9 
2 0 5 2 4 3 2 7 10 2 8 6 2 9 14 2 12 11 13 4 0 
13 5 3 13 10 8 13 14 6 13 9 11 13 12 7 3 10 11 3 14 7 
3 9 6 8 12 8 0 8 14 0 11 6 0 9 7 0 12 10 4 6 12 
4 7 11 4 8 9 4 14 10 5 6 7 5 8 11 5 9 10 5 12 14 
STS (15) #13: 
1 0 2 1 4 3 1 14 5 1 6 11 1 13 7 i 9 10 1 8 12 
0 14 3 0 5 4 0 6 13 0 11 7 0 8 9 0 12 10 2 14 4 
2 5 3 2 6 7 2 13 12 2 9 11 2 10 8 3 7 8 3 9 13 
3 I0 6 3 12 11 4 6 12 4 11 8 4 9 7 4 10 13 14 13 11 
14 10 7 14 8 6 14 12 9 5 6 9 5 11 10 5 13 8 5 12 7 
STS (15) #14: 
1 2 3 1 4 5 1 6 0 1 7 10 1 11 14 1 8 12 1 13 9 
2 4 0 2 5 6 2 7 ii 2 14 10 2 12 9 2 8 13 3 4 6 
3 5 0 3 10 11 3 7 12 3 8 9 3 13 14 4 7 13 4 14 12 
4 8 10 4 9 11 5 7 14 5 12 13 5 8 11 5 9 10 0 10 13 
0 11 12 0 8 14 0 9 7 6 10 12 6 7 8 6 11 13 6 9 14 
STS (15) #15: 
1 14 2 1 4 3 1 5 6 1 11 10 1 12 0 1 7 13 1 8 9 
14 5 3 14 6 4 14 0 11 14 12 10 14 13 8 14 9 7 2 5 4 
2 6 3 2 11 7 2 10 13 2 9 0 2 8 12 3 10 0 3 7 12 
3 9 13 3 8 11 4 11 9 4 0 8 4 7 10 4 13 12 5 12 11 
5 13 0 5 9 10 5 8 7 6 10 8 6 12 9 6 7 0 6 13 11 
STS (15) #16: 
1 2 14 1 3 4 1 13 12 1 0 5 1 6 9 1 7 11 1 10 8 
2 4 13 2 12 3 2 6 5 2 9 0 2 11 8 2 10 7 14 3 13 
14 4 12 14 6 8 14 11 5 14 7 0 14 10 9 3 0 8 3 6 7 
3 11 9 3 10 5 4 0 6 4 9 5 4 ii 10 4 8 7 12 6 11 
12 7 9 12 8 5 12 10 0 13 0 11 13 7 5 13 8 9 13 10 6 
STS (15) #17: 
1 0 2 1 4 3 1 13 5 1 14 6 1 11 7 1 10 9 1 12 8 
0 3 13 0 4 5 0 6 11 0 14 7 0 10 12 0 8 9 2 3 5 
2 13 4 2 6 I0 2 14 9 2 7 8 2 12 11 3 6 8 3 14 12 
3 10 7 3 9 11 4 6 7 4 14 10 4 11 8 4 9 12 13 6 12 
13 Ii 14 13 7 9 13 10 8 5 14 8 5 10 11 5 9 6 5 12 7 
STS (15) #18: 
1 2 0 1 3 13 1 4 5 1 6 10 1 Ii 12 1 9 7 1 14 8 
2 13 4 2 5 3 2 6 11 2 12 10 2 9 14 2 8 7 0 13 5 
0 3 4 0 i0 9 0 6 7 0 Ii 14 0 8 12 13 12 6 13 11 9 
13 14 7 13 8 10 3 10 11 3 6 14 3 7 12 3 8 9 4 9 12 
4 7 11 4 14 10 4 8 6 5 12 14 5 9 6 5 7 10 5 8 11 
STS (15) #19: 
1 2 14 1 3 4 1 11 5 i 12 6 1 13 9 1 7 10 1 0 8 
2 3 ii 2 5 4 2 12 13 2 9 6 2 7 0 2 8 10 14 ii 4 
14 5 3 14 6 0 14 9 8 14 7 12 14 10 13 3 13 0 3 7 6 
3 10 9 3 8 12 4 12 10 4 6 13 4 7 8 4 0 9 11 12 9 
11 6 8 11 7 13 11 10 0 5 12 0 5 7 9 5 10 6 5 8 13 
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ST8 (15) #20: 
1 2 3 1 4 5 1 6 13 1 7 9 1 0 11 I 10 8 1 14 12 
2 5 13 2 6 4 2 9 0 2 11 7 2 10 12 2 8 14 3 4 13 
3 5 6 3 9 i0 3 0 14 3 11 8 8 12 7 4 9 14 4 0 7 
4 I0 ii 4 12 8 5 0 12 5 Ii 9 5 8 7 5 14 I0 6 7 i0 
6 11 14 6 8 0 6 12 9 13 0 10 13 11 12 13 8 9 13 14 7 
STS (15) #21: 
1 2 3 1 5 4 1 6 7 1 8 0 1 13 9 1 i0 14 1 12 ii 
2 4 6 2 5 7 2 8 10 2 9 0 2 14 11 2 12 13 3 5 6 
3 7 4 3 9 11 3 13 0 3 10 12 3 14 8 4 8 12 4 9 14 
4 10 0 4 11 13 5 10 13 5 14 0 5 12 9 5 11 8 6 8 9 
6 13 14 6 12 0 6 11 10 7 9 10 7 13 8 7 14 12 7 11 0 
STS (15) #22: 
1 14 2 1 3 13 1 4 5 1 11 6 1 10 0 1 7 8 1 9 12 
14 13 4 14 3 5 14 0 11 14 10 12 14 T 6 14 9 8 2 3 4 
2 5 13 2 0 9 2 10 11 2 8 6 2 12 7 13 11 7 13 6 12 
13 8 0 13 9 10 3 6 10 3 0 7 3 12 8 8 9 11 4 11 8 
4 6 9 4 0 12 4 i0 7 5 11 12 5 6 0 5 10 8 5 9 7 
STS (15) #23: 
1 2 3 1 4 13 1 5 12 I Ii 14 1 6 7 1 0 i0 1 8 9 
2 5 4 2 12 13 2 11 6 2 7 14 2 0 8 2 9 10 3 13 11 
3 12 4 3 6 9 3 7 5 3 0 14 3 10 8 4 11 10 4 14 8 
4 7 9 4 0 6 13 5 8 13 14 6 13 7 10 13 9 0 5 6 10 
5 0 11 5 9 14 12 11 9 12 6 8 12 7 0 12 10 14 11 7 8 
STS (15) #24: 
1 2 3 1 4 13 1 14 12 i 6 5 1 Ii 7 1 i0 9 1 8 0 
2 13 14 2 4 12 2 6 7 2 11 5 2 0 10 2 8 9 3 4 5 
3 12 13 3 6 10 3 11 8 3 7 14 3 0 9 13 5 9 13 6 0 
13 10 11 13 8 7 4 14 10 4 6 8 4 9 11 4 0 7 14 6 9 
14 0 11 14 8 5 12 5 0 12 6 11 12 7 9 12 10 8 5 10 7 
STS (15) #25: 
1 0 2 1 4 3 1 11 5 1 6 14 1 12 7 1 9 8 1 10 13 
0 11 3 0 5 4 0 14 7 0 12 6 0 9 13 0 8 i0 2 11 7 
2 5 3 2 6 4 2 12 10 2 9 14 2 13 8 3 6 8 3 14 10 
3 7 9 3 13 12 4 11 10 4 14 8 4 9 12 4 13 7 11 14 13 
11 9 6 11 8 12 5 6 13 5 14 12 5 7 8 5 9 10 6 10 7 
STS (15) #26: 
1 2 3 1 5 4 1 0 6 1 8 7 i i0 14 i 11 9 i 12 13 
2 5 0 2 6 4 2 7 14 2 8 10 2 9 13 2 12 11 3 5 7 
3 6 9 3 0 4 3 14 8 3 10 12 3 13 11 4 7 11 4 8 9 
4 14 12 4 10 13 5 8 13 5 14 9 5 11 10 5 12 6 6 7 10 
6 8 11 6 13 14 0 7 13 0 14 11 0 10 9 0 12 8 7 9 12 
STS (15) #27: 
1 2 3 1 4 5 1 11 0 1 6 7 1 13 10 1 14 12 1 8 9 
2 11 4 2 0 5 2 7 10 2 13 6 2 12 9 2 14 8 3 5 6 
3 0 4 3 7 14 3 13 9 3 10 8 3 12 11 4 13 7 4 14 10 
4 9 6 4 8 12 5 10 11 5 12 18 5 9 14 5 8 7 11 14 6 
11 9 7 11 8 13 0 13 14 0 12 7 0 9 10 0 8 6 6 10 12 
STS (15) #28: 
0 1 2 0 4 3 0 13 5 0 12 6 0 10 14 0 9 7 0 8 11 
1 3 13 1 5 4 1 12 14 1 10 6 1 7 8 1 11 9 2 3 5 
2 12 4 2 6 7 2 9 13 2 11 10 2 8 14 3 12 11 3 14 6 
3 7 10 3 8 9 4 13 10 4 14 9 4 7 11 4 8 6 13 14 7 
13 11 6 13 8 12 5 6 9 5 14 11 5 7 12 5 8 10 12 9 10 
70 P.G. Gibbons, E. Mendelsohn I Discrete Mathematics 155 (1996) 59-76 
STS (15) #29: 
1 14 2 1 3 0 1 4 11 1 6 5 1 10 7 1 12 8 1 9 13 
14 0 11 14 4 3 14 7 5 14 10 6 14 8 9 14 13 12 2 11 3 
2 5 0 2 6 12 2 7 13 2 10 9 2 8 4 3 5 13 3 10 12 
3 8 6 3 9 7 0 6 7 0 10 4 0 8 13 0 12 9 4 7 12 
4 9 5 4 13 6 ii 5 12 11 7 8 11 10 13 11 9 6 5 10 8 
STS (15) #30: 
1 2 14 1 3 0 1 5 4 1 6 12 I 13 7 1 11 8 1 i0 9 
2 4 0 2 5 3 2 6 7 2 13 12 2 10 8 2 9 11 14 0 5 
14 3 12 14 6 10 14 7 9 14 8 4 14 11 13 0 12 i0 0 6 13 
0 8 9 0 11 7 3 6 8 3 7 4 3 11 10 3 9 13 4 12 11 
4 6 9 4 10 13 5 13 8 5 11 6 5 10 7 5 9 12 12 7 8 
STS (15) #31: 
1 2 3 1 11 4 1 5 6 1 0 7 1 9 12 i 13 14 I 10 8 
2 5 4 2 6 11 2 7 12 2 9 0 2 14 8 2 10 13 3 11 0 
3 5 14 3 6 4 3 9 13 3 8 7 3 10 12 4 9 10 4 12 13 
4 14 7 4 8 0 11 5 12 11 9 7 11 8 13 11 10 14 5 9 8 
5 13 0 5 10 7 6 12 8 6 14 9 6 13 7 6 10 0 0 14 12 
STS (15) #32: 
1 2 3 1 4 12 1 5 11 i 6 7 1 13 14 1 10 9 1 8 0 
2 12 11 2 4 5 2 14 6 2 13 7 2 9 0 2 10 8 3 11 9 
3 5 12 3 6 4 3 13 8 3 10 14 3 0 7 12 6 10 12 7 14 
12 13 0 12 8 9 4 11 13 4 7 8 4 9 14 4 10 0 11 7 10 
11 14 8 11 0 6 5 14 0 5 13 10 5 9 7 5 8 6 6 13 9 
STS (15) #33: 
1 2 3 1 4 5 1 0 6 1 10 7 1 12 13 1 14 9 1 11 8 
2 5 0 2 6 4 2 10 12 2 7 13 2 11 14 2 8 9 3 5 10 
3 0 4 3 12 8 3 14 6 3 9 13 3 11 7 4 10 9 4 12 7 
4 13 11 4 14 8 5 7 8 5 13 6 5 14 12 5 11 9 6 7 9 
6 12 11 6 8 10 0 10 11 0 12 9 0 14 7 0 8 13 10 13 14 
STS (15) #34: 
1 2 3 I 5 4 i 6 11 1 0 10 1 8 7 1 9 14 1 12 13 
2 4 11 2 5 6 2 i0 7 2 0 8 2 9 12 2 13 14 3 5 10 
3 6 4 3 0 13 3 7 12 3 8 9 3 14 11 4 10 13 4 0 14 
4 8 12 4 9 7 5 11 8 5 0 12 5 7 14 5 13 9 11 10 12 
11 9 0 11 13 7 6 7 0 6 14 12 6 9 10 6 13 8 10 14 8 
STS (15) #35: 
1 2 3 1 5 4 1 6 11 1 0 I0 1 12 7 1 9 14 1 8 13 
2 4 Ii 2 6 5 2 i0 12 2 7 0 2 9 8 2 13 14 3 4 10 
3 5 0 3 6 9 3 12 13 3 7 8 3 14 11 4 6 13 4 0 14 
4 9 7 4 8 12 5 11 8 5 7 14 5 9 12 5 13 10 11 10 9 
11 12 0 11 13 7 6 10 7 6 0 8 6 14 12 10 14 8 0 9 13 
STS (15) #36: 
1 2 0 I 3 14 i 12 4 1 5 6 1 9 11 1 13 10 i 8 7 
2 14 4 2 12 3 2 6 9 2 11 5 2 13 7 2 10 8 0 3 5 
0 6 14 0 11 8 0 13 12 0 10 4 0 7 9 3 9 8 3 13 6 
3 10 11 3 7 4 14 5 10 14 11 Z 14 9 13 14 8 12 12 11 6 
12 9 10 12 7 5 4 5 9 4 6 8 4 13 11 5 13 8 6 10 7 
STS (15) #37: 
1 2 0 1 3 4 1 13 5 i 10 12 i 6 9 1 14 7 i 11 8 
2 3 13 2 5 4 2 12 9 2 6 i0 2 7 8 2 14 11 0 3 i0 
0 4 12 0 13 7 0 5 14 0 6 11 0 8 9 3 5 6 3 12 8 
3 9 14 3 11 7 4 6 7 4 9 13 4 14 8 4 11 i0 13 6 8 
13 14 I0 13 11 12 5 10 8 5 12 7 5 9 11 10 7 9 12 14 6 
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STS (15) #38: 
1 2 3 1 4 11 1 6 5 1 7 14 1 0 9 1 10 13 1 8 12 
2 11 6 2 5 4 2 0 7 2 9 14 2 10 12 2 13 8 3 11 14 
3 5 10 3 7 4 3 0 13 3 12 6 3 8 9 4 6 0 4 13 14 
4 12 9 4 8 10 11 5 13 11 0 12 11 10 9 11 8 7 5 7 9 
5 14 12 5 8 0 6 7 10 6 13 9 6 8 14 7 12 13 14 10 0 
STS (15) #39: 
1 2 3 1 4 14 1 11 5 1 10 13 1 6 12 1 0 9 1 7 8 
2 5 4 2 11 14 2 12 10 2 6 13 2 9 8 2 7 0 3 11 7 
3 10 4 3 13 14 3 6 8 3 0 5 3 9 12 4 13 7 4 12 11 
4 6 9 4 0 8 14 10 0 14 12 8 14 6 5 14 7 9 5 10 8 
5 12 7 5 9 13 11 10 9 11 6 0 11 8 13 10 7 6 13 0 12 
STS (15) #40: 
1 2 13 1 0 3 1 5 4 1 6 10 1 12 7 1 9 8 1 14 11 
2 3 5 2 4 0 2 10 7' 2 12 6 2 9 14 2 11 8 13 0 6 
13 10 3 13 7 11 13 9 4 13 8 12 13 14 5 0 10 9 0 8 5 
0 14 7 0 11 12 3 4 11 3 6 8 3 7 9 3 14 12 4 6 14 
4 10 12 4 8 7 5 7 6 5 9 12 5 i i  i0 6 9 11 10 14 8 
STS (15) #41: 
1 2 3 1 14 12 1 5 4 1 9 6 1 11 0 1 7 13 1 10 8 
2 4 14 2 5 12 2 6 0 2 11 9 2 10 13 2 8 7 3 4 13 
3 6 14 3 9 12 3 11 8 3 7 0 3 10 5 14 9 13 14 0 8 
14 i i  5 14 7 10 12 0 4 12 13 8 12 7 11 12 10 6 4 9 7 
4 11 10 4 8 6 S 6 7 5 13 0 5 8 9 6 11 13 9 10 0 
STS (15) #42: 
1 2 0 1 4 3 1 14 12 1 6 5 1 7 9 1 8 10 1 13 11 
2 14 3 2 12 4 2 5 7 2 9 6 2 10 11 2 13 8 0 3 5 
0 6 4 0 8 14 0 10 9 0 13 12 0 11 7 3 6 10 3 7 12 
3 8 11 3 13 9 4 5 11 4 7 8 4 9 14 4 10 13 14 5 13 
14 6 11 14 10 7 12 5 10 12 6 8 12 11 9 5 9 8 6 13 7 
STS (15) #43: 
1 2 3 1 5 4 1 11 0 1 6 12 1 13 14 1 9 7 i 10 8 
2 5 11 2 0 4 2 6 13 2 14 12 2 9 10 2 8 7 3 5 6 
3 12 4 3 7 0 3 9 13 3 8 11 3 10 14 4 14 11 4 7 13 
4 9 8 4 10 6 5 0 13 5 12 9 5 14 8 5 10 7 0 9 14 
0 8 6 0 10 12 11 7 12 11 9 6 11 10 13 12 13 8 6 14 7 
STS (15) #44: 
1 2 3 1 0 4 1 5 12 1 13 14 i 10 11 1 7 6 1 9 8 
2 12 4 2 5 0 2 14 i i  2 i0 13 2 6 8 2 7 9 3 0 14 
3 12 6 3 13 4 3 i0 9 3 7 11 3 8 5 4 5 7 4 6 14 
4 8 10 4 9 11 0 12 9 0 10 7 0 6 11 0 8 13 12 13 7 
12 10 14 12 i i  8 5 13 I i  5 14 9 5 i0 6 13 6 9 14 7 8 
STS (15) #45: 
1 2 3 1 4 13 1 6 5 1 12 10 1 9 7 1 0 8 1 11 14 
2 13 6 2 5 4 2 10 9 2 7 12 2 0 14 2 11 8 3 6 11 
3 10 4 3 12 13 3 0 5 3 8 9 3 14 7 4 9 6 4 0 12 
4 14 8 4 11 7 13 9 0 13 7 8 13 14 I0 13 11 5 5 i0 7 
5 12 8 5 9 14 6 10 8 6 7 0 6 14 12 10 0 11 12 11 9 
STS (15) #46: 
1 2 3 1 4 5 1 10 6 1 9 7 1 12 0 1 8 13 1 11 14 
2 6 4 2 I0 5 2 7 12 2 9 0 2 13 14 2 11 8 3 7 4 
3 9 5 3 12 13 3 8 6 3 11 0 3 14 10 4 12 10 4 13 0 
4 11 9 4 14 8 5 0 6 5 8 7 5 13 11 5 14 12 6 12 11 
6 13 7 6 14 9 10 9 13 10 8 0 10 11 7 7 14 0 9 8 12 
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STS (15) #47: 
1 2 3 1 13 4 1 5 11 1 12 6 1 7 10 1 8 14 1 9 0 
2 13 5 2 4 11 2 6 7 2 12 10 2 14 9 2 0 8 3 13 6 
3 4 12 3 11 0 3 7 9 3 10 8 3 14 5 13 7 11 13 10 9 
13 14 0 13 8 12 4 6 14 4 7 0 4 10 5 4 8 9 5 12 0 
5 8 7 5 9 6 11 6 8 11 12 9 11 10 14 6 10 0 12 7 14 
STS (15) #48: 
1 2 3 1 14 4 1 12 0 1 5 10 1 13 11 1 9 6 1 8 7 
2 14 12 2 0 4 2 5 11 2 10 13 2 6 7 2 8 9 3 14 5 
3 12 6 3 10 9 3 11 4 3 7 13 3 8 0 14 0 10 14 11 7 
14 9 13 14 8 6 4 12 13 4 10 8 4 6 5 4 9 7 12 10 7 
12 11 8 12 9 5 0 13 6 0 9 11 0 7 5 5 13 8 10 6 11 
STS (15) #49: 
1 2 13 1 4 3 1 6 5 I 14 7 1 9 8 1 10 12 1 0 11 
2 3 5 2 6 4 2 7 8 2 9 14 2 10 11 2 12 0 13 4 9 
13 14 3 13 7 12 13 10 5 13 11 8 13 0 6 3 6 11 3 7 0 
3 8 12 3 10 9 4 5 12 4 10 7 4 11 14 4 0 8 5 14 8 
5 9 0 5 11 7 6 14 12 6 9 7 6 10 8 14 10 0 9 12 11 
ST8 (15) #50: 
1 2 3 1 4 12 1 5 0 1 9 6 1 11 14 1 10 13 1 7 8 
2 0 12 2 5 4 2 6 14 2 11 9 2 10 7 2 13 8 3 4 14 
3 0 10 3 6 12 3 9 13 3 11 7 3 8 5 12 5 9 12 10 14 
12 13 7 12 8 11 4 0 8 4 10 9 4 13 11 4 7 6 0 9 7 
0 11 6 0 13 14 5 14 7 5 11 10 5 13 6 6 10 8 9 8 14 
STS (15) #51: 
1 2 3 i 13 4 1 6 5 1 0 12 1 7 14 1 11 10 1 8 9 
2 4 6 2 5 13 2 0 7 2 14 12 2 10 9 2 8 11 3 4 14 
3 5 10 3 6 8 3 0 13 3 7 9 3 11 12 13 6 7 13 14 11 
13 9 12 13 8 10 4 12 5 4 7 10 4 9 11 4 8 0 5 7 11 
5 9 0 5 8 14 6 10 12 6 11 0 6 9 14 0 14 10 12 7 8 
STS (15) #52: 
1 2 3 1 4 5 1 14 10 1 12 11 1 7 6 1 9 8 1 13 0 
2 4 10 2 14 5 2 6 11 2 7 12 2 9 13 2 8 0 3 10 9 
3 14 0 3 11 4 3 6 13 3 7 5 3 8 12 4 12 13 4 6 0 
4 9 7 4 8 14 5 11 0 5 12 10 5 9 6 5 8 13 10 11 13 
10 8 6 10 0 7 14 12 6 14 7 13 14 9 11 11 8 7 12 0 9 
STS (15) #53: 
1 2 3 1 4 13 1 5 12 1 6 14 1 9 11 1 7 10 1 0 8 
2 5 13 2 12 4 2 9 14 2 11 6 2 7 0 2 10 8 3 13 14 
3 4 11 3 9 0 3 7 5 3 10 6 3 8 12 13 9 8 13 11 10 
13 7 12 13 0 6 4 6 5 4 7 9 4 0 10 4 8 14 5 10 9 
5 0 14 5 8 11 12 9 6 12 10 14 12 0 11 14 7 11 6 8 7 
STS (15) #54: 
1 14 2 1 3 4 1 6 5 1 7 13 1 0 12 1 10 9 1 11 8 
14 3 5 14 6 4 14 7 12 14 13 0 14 10 8 14 11 9 2 4 0 
2 7 3 2 13 10 2 9 5 2 11 12 2 8 6 3 6 9 3 0 11 
3 10 12 3 8 13 4 5 12 4 13 9 4 10 11 4 8 7 5 0 8 
5 10 7 5 11 13 6 7 11 6 13 12 6 0 10 7 0 9 12 8 9 
STS (15) #55: 
1 2 3 1 5 4 1 7 6 1 10 14 1 0 11 1 13 9 1 8 12 
2 4 6 2 7 5 2 14 11 2 0 10 2 9 8 2 12 13 3 4 10 
3 5 11 3 6 9 3 7 12 3 13 14 3 8 0 4 7 14 4 0 13 
4 9 12 4 8 11 5 10 12 5 14 9 5 0 6 5 8 13 6 11 12 
6 13 10 6 8 14 7 10 8 7 11 13 7 9 0 10 9 11 14 12 0 
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STS (15) #56: 
1 2 13 1 4 3 1 5 0 1 12 10 1 6 9 1 7 14 1 8 11 
2 4 0 2 5 3 2 6 10 2 9 12 2 7 11 2 8 14 13 3 10 
13 4 9 13 5 7 13 0 8 13 12 11 13 14 6 3 0 11 3 6 8 
3 7 9 3 14 12 4 5 12 4 7 6 4 11 14 4 8 10 5 10 14 
5 6 11 5 9 8 0 10 7 0 12 6 0 9 14 10 11 9 12 7 8 
STS (15) #57: 
1 2 3 1 4 5 1 11 12 1 6 10 1 9 14 1 13 7 1 8 0 
2 4 11 2 12 5 2 14 10 2 9 6 2 13 8 2 0 7 3 4 10 
3 5 9 3 6 0 3 7 11 3 13 14 3 8 12 4 6 13 4 14 12 
4 0 9 4 8 7 5 11 6 5 7 14 5 0 13 5 8 10 11 14 0 
11 13 10 11 8 9 12 6 7 12 13 9 12 0 10 10 9 7 6 14 8 
STS (15) #58: 
1 2 0 1 3 4 1 5 12 1 11 6 1 13 7 1 9 8 i 10 14 
2 12 3 2 5 4 2 13 11 2 7 6 2 10 8 2 14 9 0 12 8 
0 5 14 0 11 3 0 6 10 0 13 9 0 7 4 3 13 14 3 8 5 
3 9 6 3 10 7 4 6 12 4 8 13 4 10 9 4 14 11 12 9 11 
12 10 13 12 14 7 5 11 10 5 13 6 5 9 7 11 8 7 6 14 8 
STS (15) #59: 
1 2 3 1 4 5 1 10 11 1 6 9 1 13 7 1 0 12 1 14 8 
2 10 4 2 11 5 2 13 6 2 7 9 2 0 8 2 14 12 3 4 6 
3 5 14 3 7 11 3 0 10 3 12 9 3 8 13 4 11 12 4 9 0 
4 13 14 4 8 7 5 13 9 5 7 12 5 0 6 5 8 10 10 6 7 
10 9 14 10 12 13 11 0 13 11 8 9 11 14 6 6 8 12 7 0 14 
STS (15) #60: 
1 2 14 1 3 4 1 6 5 1 13 7 1 10 12 1 8 11 1 9 0 
2 3 5 2 6 4 2 12 13 2 10 7 2 11 9 2 0 8 14 3 13 
14 4 9 14 10 6 14 8 5 14 11 7 14 0 12 3 7 9 3 10 11 
3 8 12 3 0 6 4 5 11 4 13 8 4 7 12 4 10 0 5 13 10 
5 7 0 5 12 9 6 8 7 6 11 12 6 9 13 13 11 0 10 9 8 
STS (15) #61: 
1 2 3 1 5 4 1 6 0 1 8 7 1 12 13 1 10 14 1 11 9 
2 5 0 2 6 4 2 7 12 2 8 10 2 13 11 2 9 14 3 4 0 
3 5 6 3 7 13 3 8 9 3 14 12 3 11 10 4 8 13 4 12 9 
4 10 7 4 14 11 5 7 9 5 10 13 5 14 8 5 11 12 6 7 11 
6 8 12 6 13 14 6 9 10 0 7 14 0 10 12 0 11 8 0 9 13 
STS (15) #62: 
1 0 2 1 14 3 1 5 4 1 6 10 1 13 11 1 7 12 1 9 8 
0 14 4 0 3 5 0 6 13 0 10 7 0 11 9 0 8 12 2 14 5 
2 3 6 2 11 4 2 12 13 2 9 10 2 8 7 14 13 10 14 11 8 
14 7 9 14 12 6 3 13 9 3 7 4 8 12 11 3 8 10 4 10 12 
4 13 8 4 9 6 5 6 8 5 11 10 5 7 13 5 9 12 6 11 7 
STS (15) #63: 
1 2 3 1 4 11 1 5 6 1 12 7 1 9 0 1 10 8 1 13 14 
2 5 4 2 6 11 2 0 12 2 9 13 2 10 7 2 14 8 3 4 6 
3 I I  12 3 5 9 3 0 8 3 I0  13 3 14 7 4 12 13 4 7 0 
4 9 8 4 10 14 11 7 8 11 0 13 11 10 5 11 14 9 5 12 8 
5 13 7 5 14 0 6 9 7 6 10 0 6 18 8 6 14 12 12 9 10 
STS (15) #64: 
1 2 3 1 5 4 1 10 13 1 6 12 1 11 7 1 9 14 1 0 8 
2 5 13 2 10 4 2 6 11 2 12 9 2 7 8 2 0 14 3 5 6 
3 10 14 3 13 4 3 7 0 3 9 11 3 8 12 4 6 0 4 11 8 
4 9 7 4 14 12 5 10 7 5 12 0 5 9 8 5 14 11 10 12 11 
10 8 6 10 0 9 13 6 9 13 11 0 13 7 12 13 14 8 6 14 7 
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STS (15) #65: 
1 2 3 1 12 13 
2 13 4 2 5 12 
3 5 7 3 6 13 
13 9 7 13 14 8 
4 11 8 4 10 0 
STS (15) #66: 
1 2 3 1 4 5 
2 4 6 2 5 7 
3 5 10 3 6 12 
4 8 10 4 14 12 
6 10 11 6 14 9 
STS (15) #67: 
1 2 3 1 5 4 
2 5 12 2 6 4 
3 6 13 3 0 4 
4 13 8 4 14 12 
6 10 0 6 14 9 
STS (15) #68: 
0 1 2 0 3 
1 3 5 1 4 
2 5 10 2 12 
3 11 8 3 14 
5 11 13 5 14 
STS (15) #69: 
1 2 3 1 4 
2 4 5 2 0 14 
3 13 4 3 9 5 
4 7 11 4 8 0 
5 7 13 5 8 12 
STS(15) #70: 
1 2 3 1 4 12 
2 12 0 2 4 5 
3 11 12 3 6 8 
12 7 14 12 10 9 
0 14 6 0 8 13 
STS (15) #71: 
1 14 2 1 3 0 
14 0 4 14 3 5 
2 5 11 2 7 8 
0 10 11 0 8 5 
4 11 6 4 8 13 
STS (15) #72: 
1 2 3 1 14 4 
2 4 5 2 14 6 
3 6 0 3 9 4 
4 11 13 4 12 0 
5 12 10 5 8 7 
STS (15) #73: 
1 2 0 1 4 3 
2 3 5 2 6 4 
0 5 12 0 13 6 
3 12 11 3 13 14 
5 11 9 5 8 10 
1 4 5 1 6 11 1 0 7 1 8 9 1 14 10 
2 0 6 2 7 14 2 9 11 2 8 10 3 12 11 
3 8 0 3 14 4 3 10 9 13 5 10 13 11 0 
12 4 9 12 6 10 12 0 14 12 8 7 4 6 7 
5 11 14 5 9 0 5 8 6 6 9 14 11 7 10 
1 7 6 1 0 13 1 9 8 1 14 10 1 11 12 
2 0 9 2 10 13 2 12 8 2 11 14 3 4 0 
3 13 14 3 9 11 3 8 7 4 7 11 4 13 9 
5 0 11 5 13 6 5 9 12 5 8 14 6 0 8 
7 0 14 7 10 9 7 12 13 0 10 12 13 8 11 
1 12 6 1 9 0 1 11 7 i 10 13 1 14 8 
2 0 7 2 9 10 2 11 8 2 13 14 3 5 7 
3 10 12 3 8 9 3 14 11 4 9 7 4 11 10 
5 6 11 5 9 13 5 8 10 5 14 0 6 7 8 
12 11 9 12 13 7 12 8 0 0 13 11 7 10 14 
6 5 0 13 12 0 10 7 0 8 9 0 11 14 
12 7 1 13 9 1 10 11 1 14 8 2 4 13 
7 8 2 11 6 2 14 9 3 13 7 3 10 9 
5 9 4 12 14 4 10 8 4 11 7 5 12 8 
7 9 6 10 12 6 8 13 12 9 11 13 14 10 
0 5 1 12 13 1 10 6 1 11 9 1 8 7 
13 10 2 12 9 2 7 6 2 8 11 3 14 10 
11 0 3 7 12 3 8 6 4 12 10 4 9 6 
12 11 14 6 5 14 9 7 14 8 13 5 10 11 
13 9 0 6 12 0 7 10 13 6 11 10 9 8 
1 6 5 1 7 10 1 14 12 1 9 13 1 11 8 
2 12 7 2 13 10 2 11 14 2 8 9 0 3 7 
0 9 4 0 11 10 0 8 14 3 6 8 3 10 9 
4 10 12 4 14 5 4 13 11 4 8 7 5 7 13 
6 7 11 6 14 10 6 9 12 7 9 14 12 13 8 
4 0 
6 1 
3 2 
6 4 
7 6 
1 5 6 1 7 9 1 10 11 1 13 0 1 12 8 
2 9 10 2 7 0 2 12 11 2 8 13 3 14 12 
3 10 8 3 11 7 3 13 5 4 6 8 4 7 10 
14 9 8 14 7 13 14 11 5 14 0 10 5 0 9 
6 9 11 6 13 10 6 12 7 9 12 13 11 0 8 
14 1 
2 
3 
14 
0 
1 4 5 1 6 13 1 9 7 I 11 12 1 10 8 
14 13 11 14 7 6 14 10 9 14 8 12 2 0 6 
2 9 4 2 12 3 2 10 13 0 13 7 0 12 9 
3 4 10 3 13 9 3 7 11 3 8 6 4 7 12 
5 13 12 5 9 6 5 10 7 6 10 12 9 8 11 
1 0 5 1 11 6 1 13 9 1 7 10 1 8 14 
2 11 13 2 7 6 2 10 8 2 14 9 3 4 14 
3 13 10 3 9 5 3 7 0 12 5 8 12 13 6 
4 11 8 4 6 9 4 13 7 4 10 0 0 9 11 
5 11 7 5 13 14 5 10 6 11 14 10 9 8 7 
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STS (16) #74: 
1 2 3 1 0 4 1 5 11 i 12 6 1 10 7 1 14 9 1 13 8 
2 11 0 2 5 4 2 6 7 2 10 13 2 14 12 2 8 9 3 0 6 
3 4 10 3 5 13 3 12 9 3 14 11 3 8 7 0 12 13 0 10 9 
0 14 7 0 8 5 4 6 8 4 7 12 4 9 11 4 13 14 11 12 8 
11 7 13 11 10 6 5 7 9 5 10 12 5 14 6 6 9 13 10 14 8 
STS (15)  #75:  
1 14 2 1 0 3 1 12 4 1 5 6 1 9 11 1 10 13 1 8 7 
14 12 3 i4  4 0 14 11 5 14 9 7 14 13 6 14 8 10 2 12 7 
2 5 3 2 6 9 2 13 4 2 10 0 2 8 11 3 4 8 3 6 7 
3 9 10 3 13 11 0 5 8 0 11 6 0 9 12 0 7 13 12 5 13 
12 10 11 12 8 6 4 5 9 4 6 10 4 7 11 5 7 10 9 13 8 
STS (15) #76: 
1 2 13 1 3 14 1 12 4 1 5 0 1 7 6 1 11 10 1 9 8 
2 12 14 2 4 3 2 0 6 2 11 5 2 8 7 2 9 10 13 14 0 
13 12 7 13 5 4 13 10 6 13 8 3 13 9 11 14 5 6 14 7 10 
14 11 8 14 9 4 3 0 l i  3 5 7 3 10 12 3 9 6 12 11 6 
12 8 0 12 9 5 4 0 10 4 6 8 4 l i  7 0 7 9 5 8 10 
STS (15) #77: 
1 2 3 1 4 13 1 5 12 1 10 0 1 6 11 1 14 7 1 9 8 
2 12 4 2 5 13 2 0 6 2 10 7 2 11 8 2 9 14 3 4 0 
3 13 8 3 5 14 3 10 12 3 6 9 3 7 11 4 10 6 4 11 14 
4 8 7 4 9 5 13 11 12 13 7 6 13 14 0 13 9 10 12 0 8 
12 6 14 12 7 9 5 6 8 5 11 10 5 7 0 0 11 9 10 14 8 
STS (15)  #78: 
1 14 2 1 3 4 1 5 6 i 9 10 1 12 13 1 0 11 1 8 7 
14 4 6 i4  5 3 14 9 12 14 13 7 14 11 10 14 8 0 2 3 9 
2 10 6 2 12 8 2 13 4 2 0 5 2 7 11 3 6 8 3 13 10 
3 11 12 3 0 7 4 12 6 4 0 9 4 7 10 4 8 11 S 13 11 
5 7 9 5 8 10 6 9 11 6 12 7 6 0 13 9 8 13 10 0 12 
STS (15)  #79:  
1 2 3 t 4 5 1 14 6 1 13 7 1 0 11 1 12 9 1 8 10 
2 14 4 2 6 5 2 7 0 2 i2 13 2 9 8 2 10 11 3 14 8 
3 7 4 3 13 11 3 0 5 3 12 10 3 9 6 4 0 12 4 11 6 
4 10 9 4 8 13 5 7 10 5 13 14 5 11 9 5 8 12 14 12 11 
14 9 7 14 10 0 6 13 10 6 0 8 6 12 7 7 11 8 13 0 9 
STS(15) #80: 
1 0 2 1 14 3 1 4 t3 1 5 6 1 9 10 1 7 11 1 8 12 
0 14 4 0 5 3 0 6 13 0 7 10 0 11 8 0 12 9 2 3 13 
2 5 8 2 10 14 2 9 4 2 11 6 2 12 7 14 13 7 14 5 11 
14 9 8 14 12 6 3 4 12 3 10 6 3 7 8 3 11 9 4 5 7 
4 10 11 4 8 6 13 9 5 13 11 12 13 8 10 5 12 10 6 9 7 
A5. v= 19 
A random hemispheric STS(19): 
1 2 13 1 3 0 1 17 4 5 1 15 1 6 7 1 16 18 1 8 11 
12 1 14 1 9 10 2 3 16 17 2 10 2 4 5 0 2 12 6 2 16 
2 7 15 8 2 9 11 2 14 17 3 5 4 3 14 3 6 15 13 3 9 
7 3 18 8 3 10 12 3 11 17 0 9 6 17 11 17 13 7 16 17 14 
17 8 15 12 17 18 0 4 10 6 4 13 16 4 8 7 4 12 9 4 18 
4 11 15 5 0 7 5 6 10 5 13 14 5 16 12 8 5 18 9 5 11 
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0 13 8 0 11 18 0 14 15 6 8 12 9 6 14 13 16 11 
13 18 15 16 7 9 10 16 15 7 8 14 10 7 11 12 9 15 
A6. v=21 
A random hemispheric STS(21 ): 
1 2 12 3 1 16 4 1 18 1 5 20 6 1 11 1 7 19 8 1 15 
1 0 14 9 1 10 17 1 13 2 3 20 2 4 10 5 2 7 6 2 18 
8 2 14 0 2 11 2 9 13 2 15 17 2 19 16 4 3 13 3 5 15 
6 3 7 3 8 9 0 3 19 10 3 14 3 18 17 3 12 11 4 5 9 
4 6 0 4 7 12 4 8 16 4 15 14 19 4 17 20 4 11 5 6 8 
0 5 13 5 10 11 18 5 14 19 5 12 5 16 17 6 9 14 10 6 16 
15 6 20 6 19 13 12 6 17 7 8 11 7 0 9 7 10 20 15 7 18 
7 16 13 17 7 14 0 8 18 8 10 19 8 12 13 17 8 20 0 10 17 
0 15 16 12 0 20 15 9 19 9 18 12 9 16 20 17 9 11 15 10 12 
18 10 13 13 15 11 18 19 20 16 18 11 14 19 11 12 16 14 14 20 13 
A7. v = 25 
Arandomhemispheric STS(25): 
0 1 4 0 2 8 3 0 13 5 0 21 6 0 22 0 19 10 0 7 24 
9 0 20 0 15 18 0 17 12 0 11 23 14 0 16 1 2 14 3 1 8 
5 1 24 6 1 23 1 19 13 1 7 20 9 1 22 10 i 18 1 15 12 
17 1 21 1 11 16 3 2 12 4 2 6 2 5 13 19 2 17 2 7 9 
2 24 15 2 20 21 2 22 11 10 2 16 2 18 23 4 3 9 3 5 15 
3 6 14 19 3 21 3 7 10 3 24 20 22 3 23 3 17 16 3 11 18 
4 5 14 19 4 7 8 4 13 4 24 11 20 4 18 4 22 21 10 4 12 
4 15 16 4 17 23 5 6 9 19 5 18 5 7 12 5 8 16 5 20 22 
10 5 23 17 5 11 6 19 20 6 7 17 6 8 15 6 24 16 10 6 11 
21 6 13 12 6 18 19 8 14 19 9 16 24 19 23 19 22 12 19 15 11 
7 8 22 15 7 21 7 11 13 7 14 18 16 7 23 9 8 18 24 8 21 
20 8 11 8 10 17 12 8 23 24 9 17 9 10 15 11 9 14 21 9 23 
9 12 13 24 22 10 24 12 14 18 24 13 10 20 13 20 15 17 12 20 16 
14 20 23 22 15 14 22 17 18 16 22 13 10 21 14 15 13 23 14 17 13 
21 11 12 21 16 18 
